It is conjectured by Erdős, Graham and Spencer that if 1 ≤ a 1 ≤ a 2 ≤ · · · ≤ a s are integers with s i=1 1/a i < n − 1/30, then this sum can be decomposed into n parts so that all partial sums are ≤ 1. This is not true for s i=1 1/a i = n − 1/30 as shown by a 1 = · · · = a n−2 = 1, a n−1 = 2, a n = a n+1 = 3, a n+2 = · · · = a n+5 = 5. In 1997 Sandor proved that Erdős-Graham-Spencer conjecture is true for s i=1 1/a i ≤ n − 1/2. Recently, Chen proved that the conjecture is true for s i=1 1/a i ≤ n − 1/3. In this paper, we prove that Erdős-Graham-Spencer conjecture is true for s i=1 1/a i ≤ n − 2/7.
Introduction
Erdős, Graham and Spencer [2] posed the conjecture: if 1 ≤ a 1 ≤ a 2 ≤ · · · ≤ a s are integers with s i=1 1/a i < n − 1/30, then this sum can be decomposed into n parts so that all partial sums are ≤ 1. This is not true for s i=1 1/a i = n − 1/30 as shown by a 1 = · · · = a n−2 = 1, a n−1 = 2, a n = a n+1 = 3, a n+2 = · · · = a n+5 = 5. Sandor [3] proved the following weaker assertion.
Theorem A. Let n ≥ 2. If 1 ≤ a 1 ≤ a 2 ≤ · · · ≤ a s are integers with s i=1 1/a i ≤ n − 1/2, then this sum can be decomposed into n parts so that all partial sums are ≤ 1.
Recently, Chen [1] proved a stronger result:
Theorem B. Let n ≥ 2. If 1 ≤ a 1 ≤ a 2 ≤ · · · ≤ a s are integers with s i=1 1/a i ≤ n − 1/3, then this sum can be decomposed into n parts so that all partial sums are ≤ 1.
In order to prove or disprove Erdős-Graham-Spencer conjecture, it is natural to consider only those sequences for which each term is more than 1 and no partial sum (of two or more terms) is the inverse of a positive integer; otherwise, we may replace the partial sum by the inverse of the integer. We call a sequence 1 < a 1 ≤ a 2 ≤ · · · ≤ a s primitive if no partial sum of s i=1 1/a i is the inverse of a positive integer. In this paper, we consider finite sets of positive integers with repetitions. Such a set A is a multiset. Let T (A) = a∈A 1/a. Thus a multiset A is primitive if 1 ∈ A and there is no multisubset A 1 of A with the cardinality of A 1 ≥ 2 and T (A 1 ) −1 being an integer.
In this paper, the following result is proved:
Theorem. Let n be a positive integer with n ≥ 2. If 1 ≤ a 1 ≤ a 2 ≤ · · · ≤ a s are integers with s i=1 1/a i ≤ n − 2/7, then this sum can be decomposed into n parts so that all partial sums are ≤ 1.
The theorem is not trivial even for small n (for example n = 3). For n ≥ 141 we prove the theorem by Chen [1, Lemma 4] . For 2 ≤ n ≤ 4, we can resolve each case separately by employing Lemma 1 and Theorem B. But for the remaining 5 ≤ n ≤ 140, we need to introduce some new ideas. The key points are the constructions of B 1 , B 2 , . . . , B 18 for 11 ≤ n ≤ 22 and Lemma 2 by which we deal with the cases 5 ≤ n ≤ 10.
Notations
For a multiset A and a positive real number x, let m A (a) denote the multiplicity of a in A, m(A) denote the cardinality of A and let A(x) = {a : a ∈ A, a < x}. With these notations, we say that A has an n-quasiunit partition if A can be decomposed into n multisubsets Proof. It is clear that if A has an n-quasiunit partition, then A( n−1 η ) has an n-quasiunit partition. Now we assume that A( n−1 η ) has an n-quasiunit partition:
We add each a ∈ A\ A(
η , a contradiction with b ∈ A( n−1 η ). This completes the proof of Lemma 1.
Lemma 2. Let k, n be two positive integers with 1 ≤ k < n and δ, be two real numbers with 0 ≤ < δ. Suppose that
(ii) B is a primitive multiset such that T (B) ≥ k − and B has a k-quasiunit partition;
(iii) A is a primitive multiset with B ⊆ A and T (A) ≤ n − δ and
Then A has an n-quasiunit partition.
Proof. Since
By Lemma 1, A \ B has a (n − k)-quasiunit partition. Therefore A has an n-quasiunit partition. This completes the proof of Lemma 2.
Lemma 3. Let n be an integer with n ≥ 141 and A be a primitive set of positive integers with T (A) ≤ n − 2/7. Then A has an n-quasiunit partition.
Proof. For n ≥ 141 we have 7/2 log(7n/2) +
By Chen [1, Lemma 4] we have that A has a n-quasiunit partition. This completes the proof of Lemma 3.
Lemma 4. Let A be a primitive set of positive integers and let
If S(22) ≤ 22, then S(n) ≤ n for all 22 ≤ n ≤ 140.
Proof. Since A is primitive, we have 1 ∈ A and m A (a) ≤ p(a) − 1, where p(a) is the least prime divisor of a. Hence, for n ≥ 2 we have
If S(22) ≤ 22, then by (1) we can verify by computer that S(n) ≤ n for all 22 ≤ n ≤ 140. This completes the proof of Lemma 4.
Lemma 5. Let A be a primitive set of positive integers and let
Then S(n) ≤ n for all 11 ≤ n ≤ 22.
Proof. Let 
It is clear that
We can verify that for any a ≤ 73 we have
Noting that A is a primitive multiset, we have (see the Appendix)
For n ≤ 22 we have 7(n − 1)/2 < 74. Since for any a, m A (a) ≤ p(a) − 1, we have
By calculation we have
Thus by (2) we have
, n = 11, 12, . . . , 22.
Proof of Theorem. Let A = {a 1 , a 2 , . . . , a s } with T (A) ≤ n − 2/7. By the remark following Theorem B, we may assume that A is primitive. By Lemma 1 and Theorem B we need only to prove that T (A(
2 )) ≤ n − 1 3 . By Lemmas 3-5 it is enough to prove the inequality for 2 ≤ n ≤ 10.
For n = 2, 3, we obviously have
For n = 4, we have
where we use the relation 1, 2, 3) . Let k n be the least integer k such that
If there exists an index i ∈ {1, 2, 3} such that D i ⊆ A and . It is easy to find that for each i ∈ {1, 2, 3}, if
Case 1. n = 5, 6. Then k 5 = 11, k 6 = 15 and
That is, (3) holds for i = 1, 2. So we may assume that
Case 2. n = 7. Then k 7 = 19 and
So we may assume that
Case 3. n = 8. Then k 8 = 22 and
Case 4. n = 9. Then k 9 = 26 and
This completes the proof of the theorem.
we have 
